ABSTRACT: This study presents a series of discrete element method (DEM) simulations consisting of mixtures of stiff (sand) and soft (rubber) particles, subjected to monotonic triaxial shearing under constant volume at very small strains where pure elasticity governs the behaviour of the samples. The elastic shear moduli of the simulated pure sand and pure rubber samples were first calibrated to values reported in previous experimental works. Sand-rubber mixtures were then simulated with a focus on small-strain stiffness to examine the role of rubber content on the prevailed micro-mechanisms of the samples. The macro-mechanical response of the numerical mixtures showed a decrease in the elastic shear modulus and the deviatoric stress as the soft particle content increased, in line with observations from laboratory tests. Micro-scale information including coordination number, fabric tensor and normal contact force anisotropy was obtained for all tests and the contribution of each type of contact, i.e. sand-sand, rubber-sand or rubber-rubber, in the overall response of the samples, was analysed. The contact force network in the mixtures changed from being sand-dominated to rubber-dominated, with the presence of an intermediate zone in between rubber and sand particles forming a stable contact force network mainly by sand-rubber contacts. Each type of contact was seen to contribute differently to the deviatoric stress in the system as the rubber content increased.
INTRODUCTION
The use of tire shreds and granulated rubber as new geo-materials or in the form of mixtures with soil has become a popular approach in ground improvement due to its light weight, high damping and high permeability. Examples include: (i) reduction of lateral earth pressures on retaining walls (Humphrey and Sandford 1993; Bernal et al. 1997; Humphrey et al. 1997; Lee et al. 1999; Kaneda et al. 2007) (ii) reduction of vertical stresses and thus settlements (Bosscher et al. 1997; Edil 2004; Zornberg et al. 2004; Edincliler 2007; Tanchaisawat et al. 2010) ; (iii) improved performance of buried pipes (Uchumura et al. 2007; Tavaloki Mehrjardi et al. 2012; Li et al. 2016) ; (iv) provision of damping to foundations during liquefaction (e.g. Hazarika et al. 2008; Tsang 2008; Senetakis et al. 2009; Christ et al. 2010; Mavronicola et al. 2010; Pitilakis et al. 2010 Pitilakis et al. , 2011 Moghaddas Tafreshi et al. 2014 ); (v) provision of filter layers for drainage in landfills (Narejo and Shettima 1995; Reddy and Saichek 1998; Edeskar 2006) .
One of the most important properties of soil is the elastic shear modulus measured at very small (less than 0.001%) and small strains (less than 0.1%), which is usually required in advanced modelling for accurate prediction of ground movement (Simpson et al. 1979) . Experimental works on sand-rubber mixtures have been carried out covering from very small strains up to large strains (Zornberg et al. 2004; Lee et al. 2007; Özkul and Baykal 2007; Kim and Santamarina 2008; Edincliler and Ayhan 2010; Anastasiadis et al. 2012 , Senetakis et al. 2012a , Edincliler and Cagatay 2013 Mashiri et al. 2015; Senetakis and Anastasiadis 2015) . However, most of the numerical investigations of sand-rubber mixtures have been focused primarily in the range of medium to large strains (Valdes and Evans 2008; Evans and Valdes 2011; Lee et al. 2014 ). An important effect of the inclusion of rubber particles in sand is the reduction in the maximum shear modulus (Lee et al. 2007; Anastasiadis et al. 2012; Senetakis and Anastasiadis 2015) that is obtained when the behaviour is purely elastic. Attempts have been made to explain the effect from a mechanical point of view. However, explanations are in the form of hypotheses due to the lack of micro-mechanical evidence from laboratory tests, which can usually only provide information at the macro scale.
The aim of this study is to simulate mixtures comprising rubber and sand particles in triaxial loading conditions by employing the discrete element method (DEM) (Cundall and Strack 1979) . DEM simulations allowed the tracking of contacts and forces at all loading stages, which is not feasible in laboratory experiments. Another advantage of the numerical simulations carried out in the study is that through relatively simple analysis by means of monotonicstatic shearing, the elastic modulus could be obtained, whereas in laboratory testing only dynamic testing such as the resonant column method can effectively capture pure elastic response. This study focuses on finding a link between the micro-mechanical response and the shear modulus obtained at very small strains with the change in rubber content.
A series of numerical simulations of sand-rubber mixtures with different percentages of rubber content were subjected to triaxial monotonic loading in constant volume conditions, in which sand particles were modelled as rigid particles with a high stiffness, whereas rubber particles were modelled as soft particles with a low stiffness. Initially, the simulated pure sand and pure rubber samples were calibrated to obtain similar values of maximum shear modulus and degradation of shear modulus against shear strain to those reported in laboratory experiments by Anastasiadis et al. (2012) that used the resonant column method. Simulations of sand-rubber mixtures were restricted to the same size ratio (i.e. the ratio of the mean size of the sand and rubber was equal to one) while the content of rubber by weight was systematically increased. Even though it is more common to have a larger size of rubber than soil grains in practice, the same size of sand and rubber has been used in laboratory tests. This study follows the previous laboratory work ( Anastasiadis et al. 2012; Senetakis et al. 2012b ) in order to make comparisons. On the other hand, there are potential applications where the size of the aggregate is large enough to be of the same order as the size of the rubber (typically in the form of tire chips or shreds), such as in railway projects.
NUMERICAL SIMULATIONS
The DEM code employed in this study corresponds to a modified version of the open-source code LAMMPS (Plimpton 1995) . All tests consisted of three-dimensional samples containing 10 184 initially non-contacting spherical particles replicating a representative volume element. Boundary effects were avoided by enclosing all particles inside a cuboidal periodic cell (Thornton 2000; Huang et al. 2014) . The particle size distribution (PSD) of the numerical sand and rubber used in all simulations is shown in Figure 1 . This PSD was almost identical to the corresponding curve of a uniform fine-grained sand of fluvial origin tested by Anastasiadis et al. (2012) and Senetakis et al. (2012b) . Both sand and rubber particles had a mean size (D 50 ) of about 0.22 mm and a coefficient of uniformity (C u ) of 1.4. Note that for this grain size distribution, the sand is classified as SP (poorly graded sand) following the USCS classification system (ASTM D2487-00) and the rubber is classified as granulated rubber or particulate rubber following the ASTM specification (ASTM D6270-98). Views of the numerical samples for the clean sand and all mixtures at the end of an isotropic compression of 100 kPa are included in Figure 2 . It should be noted that sand and rubber particles are modelled as perfect spheres and thus shape effects that can greatly influence the macro-mechanical response (Wei and Yang 2014 ) cannot be simulated. The stresses within the periodic cell were determined from the stress tensor as defined in Equation 1
whereσ ij is the stress tensor, V is the volume of the periodic cell, N c is the total number of contacts, l c i and f c j are the branch vector and inter-particle contact force corresponding to contact c respectively (Bagi 1996; Potyondy and Cundall 2004) . A simplified Hertz-Mindlin contact model was used with the normal and tangential Figure 1 . Particle size distribution of numerical samples compared with laboratory data for a uniform sand. Data for the uniform sand matched with a natural sand tested by Anastasiadis et al. (2012) and Senetakis et al. (2012a Senetakis et al. ( , 2012b stiffnesses calculated as shown in Equations 2 and 3, respectively
whereR is the equivalent radius between two particles in contact i and j, obtained as:R ¼ R i R j =R i þ R j , and δ n is the contact overlap. The Hertz-Mindlin contact model used in our simulations uses an approximation of the theory of Mindlin and Deresiewicz (1953) as discussed by O'Sullivan (2011) , in which only the initial shear modulus is used. This contact model has been widely adopted in DEM simulations, which have successfully captured typical soil behaviour characteristics (Sitharam et al. 2009; Yimsiri and Soga 2010; Barreto and O'Sullivan 2012) . Following the properties of quartz and unconsolidated sands (Simmons and Brace 1965; Bachrach et al. 2000) , a particle Poisson's ratio (ν) of 0.12 was assigned for the sand to simulate the weakening of the particle contacts once the roughness of the particle contact is considered (Manificat and Guéguen 1998) . For the rubber particle, a ν of 0.45 was adopted in line with their small volume compressibility as observed by Beatty (1991) . Sand particles had a solid density (ρ) of 2650 kg/m 3 , while rubber particles had a ρ of 1100 kg/m 3 . A small local damping coefficient of 0.1 was used for all simulations while gravity was inactive during these simulations. The particle shear modulus for both materials (G p ) was systematically varied in order to match the maximum elastic shear modulus (G max ) found from laboratory tests. For the mixtures, G and ν in Equations 2 and 3 were calculated as the average value of the two particles in contact. All simulations were run on a high-performance cluster using a stable time step (t crit ) calculated as (m/max [k n , k t ]) 1/2 with m being the mass of the smallest particle and assuming a 5% overlap between the two smallest particles for all contacts. Values for t crit ranged from 2.4 × 10 −7 s to 5.3 × 10 −9 s, the largest corresponding to rubber samples because of the low G p resulting in lower matrix stiffness, while the smallest value corresponded to either sand samples or mixtures controlled by sand particles, with the higher G p yielding higher stiffness. The t crit obtained from this approach agrees with the suggestions by O' Sullivan and Bray (2004) .
An isotropic state was reached by deforming the periodic cell until a mean effective stress ( p ′ 0 ) of 50, 100 and 200 kPa for the sand and mixture samples and a p′ 0 of 50, 75 and 100 kPa for rubber samples was reached. The void ratio of each sample at the end of isotropic compression was controlled using different inter-particle friction coefficients (μ) of 0.01, 0.05, 0.1, 0.25 and 1.0 during the isotropic compression stage. The system was subjected to numerical cycling to ensure that both p′ and the number of contacts became constant, indicating equilibrium. After the completion of the isotropic compression stage, sand particles were assigned an interparticle friction coefficient (μ) of 0.25 (Senetakis et al. 2013a (Senetakis et al. , 2013b Huang et al. 2014) , while rubber particles were set a μ of 1.0 (Valdes and Evans 2008; Evans and Valdes 2011; Lee et al. 2014) . Lower void ratios are expected, as the particle shear modulus decreases as overlap ratios start incrementing. However, the effect of the particle shear modulus on the initial packing diminishes as the shear modulus increases. Numerical simulations of constant volume (CV) tests were performed with the strain rate controlled, covering from the very small to relatively medium strains. Compression drained shear (CDS) tests were also performed and the data are similar to those of CV tests. The incremental axial deformation of the periodic cell was set to dε = 1 × 10
. The strain rate (ε) used for all tests was obtained by dividing dε by the t crit . The inertial number defined as I ¼ε dðρ=p 0 Þ 1=2 whereε is the shear rate, d is the mean size of grains in the assembly, ρ is the grain density, and p′ is the mean effective stress, was used to ensure quasi-steady conditions during the shearing process, where a limit of I ≤ 1 × 10 −3 would be sufficient to maintain quasi-steady conditions (MiDi 2004; daCruz et al. 2005) . Table 1 summarises the simulations carried out in this study. In this table the test notation is divided into four parts for the tests used for calibration, indicating the type of material (CS for clean sand, R for pure rubber and M(X ) for mixture, where X indicates the percentage of rubber), particle shear modulus, void ratio after isotropic compression and mean effective stress reached at the initial state. Mixture tests notation includes three parts consisting of the type of mixture, the void ratio after the completion of the isotropic compression stage and the mean effective stress reached at the initial state.
CALIBRATION OF G MAX
As indicated in Equations 2 and 3, contact stiffness (k) depends greatly on the particle shear modulus (G p ).
In the search for micro-mechanical insights into the effect of rubber content on the elastic shear modulus (G max ), G p was calibrated, which yielded a k that allowed an amount of stress at a particular deformation within a dense sample that would match the real G max . Initially, the G max of a clean uniform river sand studied by Anastasiadis et al. (2012) and Senetakis et al. (2012b) was matched as shown in Figure 3a , where G max is plotted against p′. Different values of particle shear modulus ranging from 4 to 29 GPa were used. For each set of particle shear moduli, different initial coefficients of friction (μ iso ) were used to create samples with different densities to investigate its effect on G max (Table 1) . G max was calculated as G max = (2/3)q/ε q , where q is the deviatoric stress and ε q is the shear strain calculated as the difference between the major and minor principal strains (ε 1 -ε 3 ). G max was obtained within 1 × 10 − 4 to 5 × 10
Samples with G p = 4 GPa showed systematically lower G max compared to the values obtained in the laboratory tests, with G max decreasing as void ratio increased. For numerical samples where a G p = 29 GPa was assigned, G max appeared higher than those from the laboratory tests and the influence of the void ratio was less pronounced. A marked decrease in G max was obtained only for the numerical sample with e 0 = 0.672. Closer agreement between values of G max in laboratory test results and numerical simulations were found by assigning a G p = 7 GPa where the densest numerical sample, with a void ratio e 0 = 0.557, almost matched the laboratory data. Note that the black diamonds in Figure 3a correspond to a numerical sample of G p = 8 GPa with an initial void ratio of 0.556, which show the optimum match of G max between laboratory data and numerical simulations.
A similar procedure was carried out to match the G max from the simulated samples to the real G max for pure rubber based on the resonant column test results in torsional mode vibration obtained by Anastasiadis et al. (2012) for pure rubber. Figure 3b includes G max against p′ for six sets of simulations with G p ranging from G p = 2.5 MPa to G p = 12 MPa, where the numerical samples set with G p = 12 MPa agreed best with the G max obtained from the laboratory tests. From the calibration, the ratio of the G p of sand and the G p of rubber adopted in this study is 667, which is different from the ratio of 10 3 employed by Lee et al. (2014) and the ratio of 10 4 used by Evans and Valdes (2011) . The effect of different G p and e 0 during isotropic compression on the degradation of the G of the numerical samples was also investigated. Figure 4a shows the normalised shear modulus (G/G max ) against ε d , where the parts of the figure correspond to the dense, medium dense and loose states of the numerical samples. It is shown that when G p increased, the degradation of G was faster at all densities. The cross markers in Figure 4 correspond to laboratory results from a clean sand that the numerical sand was calibrated to. The numerical sample that matched the G max from laboratory tests showed good agreement in the degradation of G as seen in the top part of the figure in Figure 4a . In Figure 4b , the parts of the figure correspond to a G p of 4 GPa, 7 GPa and 29 GPa, with different void ratios. In general, looser samples tend to have a faster degradation of G regardless of the value of G p . Results presented in the following section correspond to samples with test IDs of CS-8e9-0.556 for clean sand and R-12e6-0.563 for simulated rubber; M10 to M50 indicate a mix by weight of clean sand and clean rubber with percentages of rubber increasing from 10 to 50% by mixture weight in increments of 10%.
RESULTS

Macro-scale response or sand-rubber mixtures
Figure 5a plots G max against p′ for both numerical and laboratory data corresponding to clean sand, rubber and mixtures. The numerical samples showed that as the rubber content increased G max decreased, with values of G max in good agreement with those obtained from laboratory data. G max is plotted against rubber content in Figure 5b . For a given p ′ 0 , an exponential decay of G max was observed with an increase of rubber content, and stronger decays were observed for a greater p′ 0 . The effect of void ratio on the overall response of the sand was witnessed in Figures 3 and 4b ; generally, as the void ratio increases, lower values of G max were found together with a faster degradation of G max with strain. Similarly for the mixtures, as the rubber content increases the sand-rubber mixtures become looser, which gives lower values of G max . Besides, as the rubber content increased the difference in G max between various p ′ 0 became less pronounced. F, for example, M50 samples sheared at p′ 0 = 50 kPa and 100 kPa almost converged to the same values of G max . The degradation of G is illustrated in Figure 5c , where the normalised stiffness (G/G max ) is plotted against ε d . The clean sand had the fastest decay, with the rubber particles acting as a damping material delaying the transition from elastic deformations to plastic strains for all mixtures. Laboratory tests by Anastasiadis et al. (2012) and numerical simulations by Lee et al. (2014) reported similar trends for the degradation of stiffness in sand-rubber mixtures, where the decay of stiffness became less significant when the rubber content was larger than 50%. Figures 6a and 6b showed the sum of the normal stiffness (k n ) and normal contact force ( f n ) among all contacts in log scale plotted against rubber content for tests sheared from a p ′ 0 = 100 kPa respectively. Distinction is made by type of contact, with the contribution to the total normal stiffness and normal force of sand-sand, rubber-sand and rubber-rubber contacts included. Due to the increase in rubber particles, fewer sand-sand contacts are available and thus the normal stiffness from sand-sand contacts is seen to decrease. Rubber-sand and rubber-rubber contacts are always seen to contribute less than sand-sand contacts. As a result, the total normal stiffness decreases as more rubber is added to the system. The total normal force acting in the system is seen to remain nearly unchanged as the rubber content varies. As the rubber content increases, the total normal contact force for rubber-sand and rubber-rubber contacts increases, compensating for the marked reduction in total normal force from sand-sand contacts. At a rubber content of 50%, more rubber particles are available in the system and rubber-rubber contacts become the main contributors to the total normal force in the system, with sand-sand contacts contributing less.
Micro-mechanical response of sand-rubber mixtures
In an attempt to better understand the physical basis of the effect of rubber content on the G max of mixtures, particle-scale parameters were further analysed. The mechanical coordination number (Z m ) is defined as the average number of contacts per particle, excluding 'rattlers' with zero or one contact (Thornton 2000) . A second parameter corresponded to the structural anisotropy (fabric), using the fabric tensor defined by Satake (1982) as shown in Equation 4, which was also incorporated into this study.
where N c is the total number of contacts and n i is the normal unit contact. The largest, intermediate and smallest eigenvalues of the fabric tensor are denoted as Φ 1 , Φ 2 and Φ 3 respectively. The deviatoric fabric, (Φ 1 -Φ 3 ), relates the degree of contact anisotropy. Φ ij was obtained taking into account all contacts and each type of contact allowing the overall (Φ 1 -Φ 3 ) and (Φ 1 -Φ 3 ) to be calculated for each type of contact sub-network, i.e. sand-sand, sand-rubber and rubber-rubber. Stresses in a granular material are related to different sources of anisotropy, which include geometrical anisotropy, normal contact force anisotropy and tangential contact force anisotropy, of which the normal contact force anisotropy (a n ) is dominant as shown analytically by Rothenburg and Bathurst (1989) . A look at the response of a n in the range of strains considered in this study would be useful to better understand the effect of rubber content on G max . The definition of a n follows Rothenburg and Bathurst (1989) and Guo and Zhao (2013) Total k n k n from s-s contacts k n from r-s contacts k n from r-r contacts Total f n f n from s-s contacts f n from r-s contacts f n from r-r contacts Figure 6 . (a) Total k n in the system and total k n by each type of contact, (b) Total f n in the system and total f n by each type of contact. r-r, rubber-rubber; r-s, rubber-sand; s-s, sand-sand average normal contact force tensor expressed by Equation 5 (where Φ′ ij is the deviatoric part of Φ ij ). Its probability distribution is given by Equation 6 and a n ij ¼ ð15=2ÞF′
ii being the average normal contact force calculated considering the entire space Ω, which is different to the mean normal contact force averaged over all contacts. a n is related to the second invariant of a n ij as a n ¼ ðð3=2Þa
Following the same approach, F n ij was obtained considering all contacts and each type of contact, leading to calculation of the overall a n and a n for sand-sand, sandrubber and rubber-rubber sub-networks.
Coordination number
An overall Z m considering all contacts was calculated, and a Z m for each type of contact (sand-sand, rubber-sand or rubber-rubber) was also obtained as shown in Figure 7a . Z m for each type of contact was calculated following Minh and Cheng (2013) . From Figure 7a it can be seen that with the increase in rubber content, Z m of sand-sand contacts decreased while the opposite occurred with rubber-rubber contacts. The increase of Z m for rubbersand contacts was not significant when the rubber content was greater than 20%. For the range of strain considered regardless of the type of contact, Z m was seen to remain constant. Figure 7b shows Z m for all samples (sheared from p′ 0 = 100 kPa) against rubber content at G max . The overall responses of Z m as well as for each type of contact are included. The dotted line at Z m = 4 indicates the minimum value required for the stability of a system composed of frictional spheres (Hecke 2010) . However, as the rubber content increased, the overall Z m decreased regardless of p′ 0 level. This decrease is due to the high inter-particle friction coefficient for rubber particle contacts, which prevented sliding within the sample among rubber-rubber contacts and thus created looser packing and fewer contacts. Although for all rubber contents the system remained stable, the contribution of each type of contact to overall stability was different. Sand-sand contacts presented an exponential decay of Z m as rubber content increased, crossing the minimum instability requirement at a rubber content of 20%. Rubber-sand contacts seemed to increase exponentially up to a rubber content of 40%, and beyond that threshold more rubber-sand contacts than sand-sand contacts were available in the system. When Z m for sandsand contacts was close to becoming unstable, rubber-sand and rubber-rubber contacts tended towards the stable limit, indicating interplay between sand and rubber particles that contributed to the overall stability of the system. At a rubber content of 40%, a crossover occurred where rubber-rubber contacts became the majority in the system and sand-sand contacts were fewer. A rubber content by weight of 40% seems to be the threshold for the system to become a rubber-like material, while a transition zone from a sand-like material to a rubber-like material was found for a rubber content greater than 20% (the crossover of sand-sand contacts with the minimum instability requirement) and less than 40%. Sand-sand contacts dominated the contact force network when the rubber content was less than 20%. The exponential decay seen in Z m for sand-sand contacts (fewer high-stiffness contacts) is similar to the trend seen for G max in Figure 5b . In general, the appearance of fewer high-stiffness contacts and more low-stiffness contacts directly affects G max . Figure 8a shows that with the increase in rubber content there is a general decrease in (Φ 1 -Φ 3 ) for rubber-rubber contacts, indicating that rubbers are in a more isotropic arrangement. For the rubber-sand contacts, there is first an increase in contact anisotropy then a decrease. The standard method for obtaining G max from different laboratory tests (for example the resonant column test, bender elements, cyclic testing or monotonic testing) is that G max must be calculated before an elastic threshold strain is reached. Below that threshold, G remains constant and corresponds to G max (Oztoprak and Bolton 2013) . Z m and (Φ 1 -Φ 3 ) in Figures 7a and 8b respectively were inspected throughout the monotonic tests to ensure that the number of contacts and the contact structure remained constant, which indicated that no re-arrangement of particles or complete detachment of contacts was taking place that would lead to plastic deformations within the sample (O'Donovan et al. 2013) .
Structural anisotropy
For all tests, G max was obtained at strains in the order of 10 −4 (%) or lower, and for this strain level the samples are still much closer to an isotropic state. This is demonstrated in Figure 8b , where for all p′ 0 and rubber contents considered, the overall (Φ 1 -Φ 3 ) remained within values of the order of 10 −3 , corresponding to a practical isotropic state. For all mixtures, (Φ 1 -Φ 3 ) for each type of contact sub-network was systematically higher than the overall (Φ 1 -Φ 3 ). For sand-sand contacts, (Φ 1 -Φ 3 ) tended to increase as the rubber content increased while (Φ 1 -Φ 3 ) for rubber-sand contacts showed a more constant response regardless of the rubber content. An opposite trend was found for rubber-rubber particles, i.e. a decay of (Φ 1 -Φ 3 ) with an increase in rubber content. At higher contents of rubber, the stress transmission occurred through a more isotropic contact network that primarily comprised rubber particles. At the same time, a less isotropic network comprising sand particles would make it more difficult to transmit stresses through sand-sand contacts, so less stress can be transmitted through the stiff particles which in turn reduces the value of G max . Figure 9a shows the response of a n against ε d for each type of contact and for the clean sand and all mixtures sheared from p ′ 0 = 100 kPa. While (Φ 1 -Φ 3 ) remained constant, an increase of a n was noted in particular for sand-sand and rubber-sand contacts. This trend in a n indicated that contacts were starting to transmit forces in the direction of loading, leading to an increase in the stress difference or deviatoric stress q = (σ′ 1 -σ′ 3 ), where σ′ 1 and σ′ 3 are the major and minor principal stresses respectively, derived from Equation 1. Thus, any amount of q present in the samples would be the result solely of an increase in a n . For sandsand contacts, a n is seen to increase only for the clean sand and for the sample M10. Among all samples, rubber-sand contacts presented an increase in a n with ε d . On the other hand, rubber-rubber presented almost no change in a n with an increase of ε d . In each part of the figure in Figure 9a , the response of a n for pure sand (0% rubber) is also plotted for comparison. It was revealed that a n for the sand-sand contacts of pure sand presented the fastest and strongest increase.
Normal contact force anisotropy
In Figure 9b a slight increase in the overall a n as rubber content increased was observed; however, key differences can be found when a n is analysed for each type of contact sub-network. Sand-sand contacts presented an increase in a n with rubber content. Although a higher a n would represent higher stresses being transmitted in the direction of loading, this ability should go together with a sufficient amount of contacts to allow stress transmission, which is not the case for sand-sand contacts when the rubber content exceeds 30% and low values of Z m dominate. Rubber-sand contacts presented a bi-modal trend, with the rubber content having an interesting peak in a n at a rubber content of 30%, marking the zone where the stresses are transmitted through the interplay between sand and rubber particles. Beyond a rubber content of 30%, a n for rubber-rubber contacts tended to increase with sufficient rubber-rubber contacts, allowing stresses in the direction of loading to be transmitted through rubber-rubber contacts. At low rubber content, stresses in the direction of loading are initially transmitted thorough stiff particles, which allow high stresses at low deformation, resulting in higher G max . On the contrary, at higher rubber contents stresses are transmitted through less stiff particles that require higher deformation to reach a particular deviatoric stress, which is reflected in a decrease in G max .
Contribution to the overall q
Following Radjai et al. (1998) , Figure 10 shows the cumulative contribution of all contact forces, sand-sand contacts, rubber-sand contacts and rubber-rubber contact forces to the deviatoric stress as a function of the normal contact force normalised by the average normal
Tests of all mixtures sheared from p′ 0 = 100 kPa are shown. The overall q at G max is given by the final point of each curve in the top part of the figure in Figure 10 , from where an increase in rubber content showed a marked decrease in q. The decay in q with an increase in rubber content may be explained by looking at the force contribution from different contacts. The second part of the figure from the top shows that sand-sand contacts were the main contributors to q when rubber content were less than or equal to 20%. While in the system as a whole contact forces with f n /h f n i = 9 are encountered, sand-sand contacts could transmit forces only up to f n /h f n i ≈ 7. A rubber content of 50% would lead to a negative contribution to q by the sand-sand contacts. For rubber contents up to 20%, rubber-sand contacts acted as negative contributors to q having an effect on the reduction of the overall deviatoric stress. For rubber contents of 30% or greater, rubber-sand particles started to contribute positively to q; however, from a rubber content of 30% the majority of contacts were carried by rubber particles, with low stiffness yielding lower stresses. This led to an overall decrease in q. The cumulative contribution to q for 50% rubber content clearly demonstrated a system behaving as a rubber-like material, where the only types of contacts that were contributing positively to q were rubber-sand and rubberrubber contacts.
Contact force network
For a thorough illustration of the effect of rubber content on the contact force network, Figure 11 presents, for the
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Sand-sand contacts as floating contacts show high a n but are unable to contribute to q Rubber-rubber contacts show high a n and are able to contribute to q clean sand and for all mixtures, the contact force network at G max . The first column of Figure 10 includes all contacts; the second column shows the sand-sand contact sub-network, the third presents the rubber-sand contact sub-network and the fourth the rubber-rubber contact sub-network. Each row in Figure 11 indicates a different percentage of rubber, going from 0 to 50%. The width of the lines is proportional to the contact force magnitude. The sand-sand contacts demonstrated an isotropic and stable contact network for rubber contents up to 20%, but beyond this content a stable contact network could not be distinguished and the sand-sand contacts tended to become a floating contact mode. Thus, the contribution of the sand-sand contacts became negative to the overall q as seen in Figure 10 . The strongest contacts by magnitude of normal contact force found in the rubber-sand sub-network, which contributed to the formation of a stable and isotropic contact network, appeared at a rubber content of 30% and remained fairly similar up to 50%. Rubber-rubber contacts were seen as floating contacts for all percentages of rubber in the mixtures, however, contrary to the trend observed in sandsand contacts, the contribution of the rubber sub-network to the overall deviatoric stress became positive for a rubber content equal to 50%.
CONCLUSIONS
DEM simulations of triaxial monotonic compression tests on sand-rubber mixtures at a constant volume were discussed with a focus on small strain behaviour. The numerical models with respect to pure sand and pure rubber samples were first calibrated to laboratory test results reported in the literature. A systematic study on the behaviour of sand-rubber mixtures was then conducted using rubber contents that ranged from 10% to 50% by mixture weight. Samples were sheared at small strains so the change of elastic shear modulus and the prevailing micro-mechanisms in those mixtures were explored.
The macro-response of the simulated mixtures was seen to agree quantitatively and qualitatively with previous published laboratory test results, showing a decrease in the elastic shear modulus with increasing rubber content. The use of the DEM enabled the collection of micromechanical information that is not easily accessible from laboratory tests. Positions and forces of all particles and contacts were tracked in all tests, with contacts being distinguished by the types of particles that bear the contact. For rubber contents between 0 and 20%, sand-sand contributed the most to the overall stability of the system, and with a clear isotropic network, while rubber-sand and rubber-rubber contacts were seen in a more anisotropic state, in the form of floating contacts unable to produce a stable contact network. A transition zone was detected for rubber contents between 20 and 40% in which sand-sand and rubber-rubber contacts presented a similar mechanical coordination number, close to 3. This indicated that the stability of the system was, primarily, due to the interplay of sand-sand and rubber-sand contacts. For rubber contents greater than 40%, sand-sand contacts were seen to contribute less to the overall stability of the system, and a clearly more isotropic sub-network was formed by rubber-sand contacts.
Sand-sand contacts were found to contribute positively to the deviatoric stress in the system, presenting values of a n similar to the overall for rubber contents of 0 to 20%. In the case of rubber-sand contacts, a maximum in a n was observed at a rubber content of 30%, indicating the contribution of rubber-sand contacts to the deviatoric stress. A decrease in the contribution to q from rubber-sand contacts was linked to a decrease in a n for rubber-sand contacts. When the rubber content exceeded 40%, a high a n was seen for sand-sand and rubber-rubber contacts. However, due to the lack of sufficient contacts from the sand-sand contact network, rubber-rubber contact was the major contributor to the deviatoric stress. yz plane all contacts yz plane sand-sand contacts yz plane rubber-sand contacts yz plane rubber-rubber contacts yz plane all contacts yz plane sand-sand contacts yz plane rubber-sand contacts yz plane rubber-rubber contacts 40% 50% yz plane all contacts yz plane sand-sand contacts yz plane rubber-sand contacts yz plane rubber-rubber contacts yz plane all contacts yz plane sand-sand contacts yz plane rubber-sand contacts yz plane rubber-rubber contacts Figure 11 . Contact force network at G max for all mixtures sheared from p′ 0 = 100 kPa
